We investigate the behavior of the local compressibility κ in a p-wave superconducting Kitaev chain. For a closed chain in the absence of any impurity, we show that the topological phase transition is signaled by the divergence of κ at the quantum critical point tuned by the chemical potential µ. We also show that a single strong impurity potential can lead to a local negative compressibility that is a diagnostic of the topological phase transition in the bulk. The origin of such anomalous behavior can be traced to the formation of bound states at the topological to trivial phase transition. Our results have implications for gate-tunable scanning compressibility that includes contributions from both single particle states and collective modes and is therefore distinct from scanning tunneling spectroscopy that is sensitive to only the single particle density of states.
Introduction Recently, the search for Majorana fermions in condensed matter systems has attracted a lot of attention because of their non-Abelian statistics and possible application in topological quantum computation [1] [2] [3] [4] [5] . There are several promising proposals for practical realization of Majorana fermions both in one (1D) and two-dimensional (2D) systems.
Majorana fermions can emerge in systems, such as topological insulatorsuperconductor interfaces 6, 7 , quantum Hall states with filling factor 4 5/2, p-wave superconductors 8 , semiconductor heterostructures 9, 10 , half-metallic ferromagnets 11, 12 and metallic chains 13 . As shown by Kitaev 14 , Majorana fermions can emerge at the ends of 1D spinless p-wave superconducting chain when the chemical potential is in the topological regime. A realization of the Kitaev chain based on a quantum nanowire made of a semiconductorsuperconductor hybrid structure has been proposed. In this hybrid, an ordinary s-wave superconductor is proximity coupled to a semiconducting nanowire with strong intrinsic spin-orbit coupling and an applied Zeeman spin splitting 15, 16 . The quantum nanowire undergoes a quantum phase transition from a topologically trivial superconducting phase to the topological one by increasing the magnetic field parallel to the wire beyond a critical value.
There have been recent reports of observations of Majorana fermions in tunneling and the fractional Josephson effect [17] [18] [19] [20] . Ref. 21 has reported significant progress in creating the Majorana states where spatial location of Majoranas are detected using a scanning tunneling microscope. All these experimental observations of the existence of Majorana fermions rely on the fact that the system is in the topological phase. However, local probes and identifiers that characterize the topological phase transitions are still missing and that is what our paper proposes to investigate.
In this paper, we propose the gate-tuned compressibility as a probe of the topological phase transition in the Kitaev chain. For the clean closed chain, we find that the compressibility is finite and almost constant in the topo- logical phase, and diverges at the transition (see Fig. 1 ). It rapidly decreases in the trivial phase, with increasing chemical potential. A single impurity can dramatically change the local response: a strong impurity leads to the formation of a bound state and surprisingly this results in a local negative compressibility with a dip at the topological phase transition. An extra peak associated with the bound state appears in the local compressibility in the trivial phase.
Model and Method:
We consider a 1D tight-binding Hamiltonian
In the clean limit, t i = t, ∆ i = ∆, µ i = µ and V i = 0, the system reduces to the 1D Kitaev chain 14 . We use both T -matrix and inhomogeneous Bogoliubovde Gennes (BdG) equations, including self consistency as discussed below. Even though this is a one-dimensional problem we are justified in ignoring the quantum fluctuations, primarily because we envisage the system as proximity coupled to a bulk superconductor which damps out the fluctuations.
T -matrix approach: The Green's function for a clean SC system is given by
where
The full Green's function in the single-impurity problem within the T -matrix approximation can be written as
From standard perturbation theory:
where g 0 (ω) = dk 2π G 0 (k, ω) andV = V 1 σ 3 corresponds to the non-magnetic impurity potential. The impurity induced bound state can be determined from Det(T −1 (ω)) = 0. We solve this equation numerically and show that the locations of the bound states agree with the peaks in the density of states obtained from the BdG method discussed below, in the absence of self consistency. The bound state at ω = 0 occurs when
2 − µ|) in the trivial phase. Bound state formation by an on-site impurity in the related problem of spin-orbit coupled superconductors was also studied within non-self consistent T -matrix approach 22 .
Bogoliubov-de Gennes (BdG) approach: We go beyond non-self consistent T -matrix by using the self consistent BdG method to study the effects of link defects and onsite impurities. We diagonalize Eq. (3) by defining the
that leads to BdG equations
where the excitation eigenvalues tion is given by
The density of particles on site i is
where f (E n ) is the Fermi function and the local singleparticle density of states (LDOS) is given by
When the order parameter ∆ i is solved for selfconsistently in the presence of single impurity, we find that it becomes inhomogeneous around the impurity. This however changes our results for the local compressibility only quantitatively.
Compressibility at the topological phase transition:
In the clean limit, the Hamiltonian can be diagonalized
The quasiparticle excitation energy is given by E k = ǫ 2 k + |∆ k | 2 where ∆ k = 2it sin(k) and
From the number equation
we can obtain the isothermal compressibility at finite temperature κ(T ) = ∂N ∂µ T,V to be
) is the Yoshida function. The low temperature compressibility diverges logarithmically at the quantum critical point κ ∼ log(1/[|µ| − 2t|) + T ] as shown in Fig. 1 . This divergence is caused by the gap in the topological phase |µ| < 2t closing at the topological phase transition 14 and reopening again in the trivial phase |µ| > 2t. At T=0 and for fixed µ, deep in the topological phase (|µ| ≪ 2t), κ ∼ ∆ 2 /t 3 for t ≫ ∆ whereas κ ∼ 1/∆ for t ≥ ∆.
It is useful to contrast the compressibility which captures the single particle density of states (DOS) as well as the pairs, from the behavior of the spectral function
and the single particle density of states N (ω) = k A k (ω). As seen in Fig. 2 , the DOS shows a gap in both the topological and the trivial phases except at the transition. However, κ is non-zero because of the contribution from the pairs.
Weak link:
In the presence of a weak link the system becomes inhomogeneous with the local particle number defined in Eq. (9) . From that we obtain the local compressibility κ i = ∂n i /∂µ by differentiating it with respect to the global chemical potential µ. We find that the weak link cuts off the divergence of the local compressibility at the transition point and the height of the peak decreases as the ratio ∆ 0 /∆ deviates from unity ( Fig. 3 (a) ). In the limit of an open chain, i.e. ∆ 0 = t 0 = 0, the peak disappears ( Fig. 3 (b) ). The value of the compressibility close to µ = 2t is larger in the clean limit and decreases as the ratio ∆ 0 /∆ deviates from unity as shown in Fig. 3 (c).
Local potential: In the presence of an on-site impurity V i , there are several interesting features in the behavior of the local particle density and compressibility.
(1) For a repulsive potential V 1 > 0, the local density, which is obtained by integrating N i (ω) up to zero, is reduced for all µ (Fig. 4 (a) ), as expected. This occurs because spectral weight shifts above the Fermi level in the presence of a repulsive potential.
(2) The divergences in κ for the clean problem are cut- For positive impurity potential V1 < 2t, the effect is strong close to µ = 2t (a,b). For V1 > 2t, close the topological phase transition µ = 2t, the local particle density starts to decrease as chemical potential increases and local compressibility becomes negative (c,d). Also, an extra peak appears in the trivial phase. The effect is reversed for negative potential, the same scenario repeats but now for negative µ. (e) The local compressibility for various chemical potentials µ and the impurity potential strength V1. off in the presence of disorder; however the singularities in the local κ i are still present at µ = ±2t but are of unequal strengths as seen in Fig. 4 (b) for small impurity potential |V 1 | < 2t. This can be understood from the changes to the local density of states by the presence of the impurity (Fig. 5 (a,b) ). While the states for both µ = +2t and for µ = −2t are shifted to positive energies, there is a marked difference in the spectra. In particular, the local density of states for µ = −2t shows a sharpening and the possible formation of a bound state.
(3) For larger impurity strengths V 1 > 2t, the effect is quite non-trivial. The local particle density is found to decrease around the topological phase transition (Fig. 4 (c)) even as µ increases. Correspondingly, the local compressibility κ i becomes negative (Fig. 4 (d) ) and shows a dip at the transition. The reason for the decrease of the local density and the corresponding negative local compressibility is tied to the formation of an impurity bound state (BS) above zero energy that starts to form close to the topological phase transition.
(4) The bound state formation is induced by the sign change of the order parameter in this unconventional superconductor. As seen in Fig. 5 (c) , for a small superconducting gap, the bound state is at a finite energy and is broadened into a resonance. For a fixed V 1 as µ increases, the gap increases and the bound state becomes sharper and moves to zero energy at µ = V 1 (Fig. 5 (c,d) ). At this point the zero energy bound state is detectable as an additional peak in κ i .
(5) For a negative impurity potential, the BS forms below the Fermi level and more states shift below the Fermi energy to enhance the local density for all µ. In contrast to the scenario of the positive impurity potential, the BS does contribute to the local particle density for a negative impurity. As the result, the local particle density starts to increase as µ decreases, until a sharp BS is formed. This once again causes the local compressibility to become negative around the topological phase transition.
Next, we investigate how mid gap bound states develop at the site next to the impurity in the topological phase. With increasing disorder V 1 , the bound states shift toward zero energy (Fig. 6 ). In the limit of infinite disorder, the system is equivalent to an open chain and the bound state precursors coincide with the appearance of Majorana fermions and merge at the Fermi level. Conclusions: Our theoretical proposals based on the compressibility given above can be used to detect the topological phase transition in a 1D Kitaev chain. Specifically in the presence of local defects, the local compressibility can be measured using single-electron transistor (SET) spectroscopies 23 . Ref. 23 in fact used the SET in a different context to measure the inverse compressibility locally on a graphene sample as a function of the back-gate voltage or carrier density. We expect the same technique can be applied to the 1D Kitaev chain to detect the topological phase transition using our predictions.
There are several experimental realizations of the Kitaev chain 19, 21, 24 . Of the two most promising to have addressed the observation of Majorana fermions, one is based on semiconducting quantum wires with strong spin-orbit coupling 19 and the other involves an iron atomic chain deposited on lead 21 . We discuss the first realization based on the semiconductor wire implementation further, as we believe it is more relevant for our predictions. In the presence of Rashba spin-orbit coupling, the parabolic bands for the two spin projections get separated. In addition, a Zeeman field h opens up a gap leading to an effectively spinless 1D metal when the chemical potential µ lies in the Zeeman gap. The proximity induced superconductivity with a gap ∆ gives rise to the topological phase when h > ∆ 2 + µ 29, 10, 15, 19 . In this regime, the wire can be realized as a Kitaev chain and should have two Majorana localized zero energy modes at the ends. Upon decreasing the field, the wire undergoes a phase transition at h c = ∆ 2 + µ 2 from the topological to trivial s-wave superconducting phase. Even though our predictions are for the topological phase transition in the Kitaev chain where the trivial phase is a p-wave superconductor, we expect certain features that occur close to the transition to remain robust in the semiconductor wire.
Some of the most promising directions to experimentally investigate are:
(a) the peak in the compressibility at the topological phase transition tuned by the Zeeman field in the clean wire, and, (b) the negative compressibility induced by the on-site impurity.
In general it will be useful to see the interplay between local scanning and local compressibility spectroscopies for giving insights into single particle and collective modes.
